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ABSTRACT. In this manuscript, we show that if H Ty @ B, then H/A is
isomorphic to B, where H is a hyper K-algebra, A and B are closed sets.

1. INTRODUCTION

The study of BCK-algebra was initiated by Imai and Iséki in 1966. Borzooei,
Zahedi and et.al. in 2000 introduced and studied the concept of hyper BCK-
algebra and K-algebra.

“077 be a

Definition 1.1. [2] Let H be a set containing a constant “0” and
hyperoperation (i.e. a map o: H x H — P*(H)) on H. Then H is called a

hyper K-algebra (hyper BCK-algebra) if it satisfies K1-K5(HK1-HK4).

Kl: (zoz2)o(yoz)<zoy, HK1: (zoz)o(yoz) < xoy,
K2: (zoy)oz=(zoz2)oy, HK2: (zoy)oz=(xo02)o0y,
K3: z <z, HK3: x0 H < x,

K4: 2 <y, y<axthenz =y, HK4: 2 <y, y < x then x =y,
K5: 0 < x,

for all z,y,z € H, where z < y(x < y) means 0 € x oy. Moreover for any
A, B C H, A< B (resp. A< B) if there exist a € A and b € B such that
a < b (resp. if for all a € A, there exists b € B such that a < b). If A,B C H,
then Ao B =J,cspepaobof H.

Definition 1.2. [2, 5] Let I be a non-empty subset of H such that 0 € I. Then
I is said to be a hyper K-ideal of H if x oy < I and y € I implies that x € T
for all x,y € H and it is closed if for every x,y € H, x < y and y € [ imply
that x € A.

Theorem 1.3. [4] Any hyper K-ideal of hyper K-algebra H is a closed set.
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Definition 1.4. Let I be a subset of H and ¢ # .S C H. Then we say that [
is an S-absorbing, if from x € [ and y € S, it follows z oy C 1.

Theorem 1.5. [4] Let H be a hyper BCK-algebra and I be a hyper BCK-ideal
of hyper K-algebra H. Then I is an H-absorbing.

Definition 1.6. A hyper K-algebra H is called (P)-decomposable if there ex-
ists a non-trivial family {A;};ca of subsets of H with the property P such that:
(i) H # Ay, (i) H = Uiep Ay, (iii) A;NA; = {0}, i # j. for all i € A,

In this case, we write H = @;c5 A;(P) and say that {A;};ca is a (P)-decomposition
for H. If each A;, i € A, is an S-absorbing set we write H s DienAi(P).

Definition 1.7. [4] Let ~ be an equivalence relation on H and A,B C H.
Then (i) A ~ B if and only if there exist a € A and b € B such that a ~ b. (ii)
A =~ B if and only if for all a € A, there exists b € B such that a ~ b, and for
all b € B there exists a € A such that a ~ b. (iii) ~ is called regular if a ~ b
implies that aoca~ bocand coa = cob, for any a,b,c € H. (iv) ~ is called a
congruence relation on H if a ~ b and  ~ y then aoxz ~ boy. (v) ~ is called
good, if aob ~ {0} and boa ~ {0} implies a ~ b for any, a,b,c € H.

Note: Henceforth, H is a hyper K-algebra and we call an equivalence,

regular and good relation by “ ERG relation” , the equivalence class x by C,
and I = Cy.

Proposition 1.8. [4] If ~ is an ERG relation on H, then (H/~,*,Cy) is a
hyper K-algebra, where Cy x Cyy = {Cy|t € z oy}

Theorem 1.9. [4] (First isomorphism theorem)Let f : Hi — Hy be a homo-
morphism, i.e. f is a map such that, f(0) =0 and f(xoy) = f(x)o f(y), for
all z,y € Hy. Then Hyi/Kerf = Im(f), where Kerf ={x € Hy : f(x) =0}.

2. MAIN RESULTS

In this section we investigate the characteristics of an ERG relation, ~, on a
hyper K-algebra. We show that any such relation is as form: x ~y = zoy < I
and yox < I, where I = Cy. Moreover if H a @;enAi(closed), then this
relation change into x,y € I or x = y ¢ I and under some conditions this

relation is unique.

Theorem 2.1. (i) Let ~ be an ERG relation on H. Then x ~ y if and only
ifxoy<I andyoux<I. (ii) Let H 4o B(closed set). Then aob < A and
boa < A ifand only ifa,b€ A ora=>b¢ A.

Theorem 2.2. [3] Let H Z A@® B/(closed set), and u ~ v if and only if u,v € A

oru=v ¢ A. Then (i) ~ is an equivalence relation on H such that Cy = A
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and |H/ ~ | = |B|. (ii) ~ is a good relation. (iil) ~ is a congruence(regular)
relation if and only if box =boy where x,y € A andb ¢ A. (iv) ifbox =
boy where x,y € A, and b &€ A, then ~ is the only ERG relation on H such
that Co = A, and H/A = B.

Consider the following hyper K-algebra:

ol 0 1 2 3 4 5
o oy {0} {0} foy {0} {0}
{1y {1y {1} {1 {1y {0}
2 {21 {2 {o12y {23 {2} {0}
3
4
5

{34} {34} {34} {034} {04} {3}
4y 4 4 {4 {04} {4}
{5y By {5} {5 {5p {05k

It is clear that H = A @ B(hyper K-ideal) where A = {0,1,2} and B =
{0,3,4,5}, are H-absorbing and box = boy forallb ¢ A and z,y € A. Let ~=
{(0,0), (1,0), (0,1), (1,1),(0,2), (2,0), (1,2), (2, 1), (2,2), (3,3), (4,4), (5,5}. Then
by Theorem 2.2, ~ is an ERG relation on H. Moreover (H/ ~, Cy, %), is as fol-

lows:

x | Cy Cs Cy Cs
Co [ {Co} {Co} {Co} {Co}
Cs | {C5,Cq} {Cy,C5,C4} {Coh,Cs} {Cs}
Cy | {C4} {Cu} {Co,Cu}  {C4}
Cy | {C5} {C5} {Cs} {Co,C5}.

If H = A® B(hyper K-ideal) and at least one of A or B are not H-absorbing,
then there is an ERG relation different from the relation given in Theorem 2.2,
on H. To this end, consider the following hyper K-algebra on H = {0, 1,2, 3}
and ERG relation x = {(0,0),(0,1),(1,0),(1,1),(2,2),(3,3),(2,3),(3,2)} On
it. Then H = A® B, where A = {0,1} and B = {0,2,3}. Moreover B is not
H-absorbing. Also the cayley table of H/A = {Cy, Cs} is as follows:

ol 0 1 2 3

o[ {0} {0y {0} {0} G G
L} oy {13 {1 Co | {Co}  {Co}
242} {23} {02} {12} Ca | {Ca} {Co, Ca}.
31 {3y {3} {03} {0,2,3}.

Now we provide an example to show that Theorem 4.1 and Corollary 4.3

of [1], are not true in general.

Remark 2.3. Theorem 4.1. and Corollary 4.3 of [1], are as follows:
“Theorem 4.1: Let H (hyper BCK-algebra) be decomposable with decomposition

H = A® B. Then there exist a regular(i.e., it is a good relation according to
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the our definition) congruence relation © on H and a hyper BCK-algebra X of
order 2 such that H/© = X”.
“ Corollary 4.3: Let H be decomposable with decomposition H = A @ B and
box =boy for allbe B and x,y € A. Then |B| =2.V

In the proof of Theorem 4.1 of [1], they have claimed that the relation
20y < xz,y € A or z,y € B — {0} is a congruence relation and also in
Corollary 4.3 they have claimed that |B| = 2, but now, we show that these are

not true in general. To see this, consider the following example.

Example 2.4. Consider the following hyper BCK-algebra:

0 1 2 3

{oy {op {0} {0}

{1y {01} {1} {1}

{2+ {24 {02} {2}

3143y {3y {3+ {03}

It is easy to check H = {0,1} & {0, 2,3}, where A = {0,1} and B = {0,2,3}.
By definition of ©, we have 202, 302 but 2 o 3= {2} % 2 0 2={0, 2}, since
{0,2} ¢ A and {0,2} ¢ B — {0}, i.e., © is not a congruence relation. Also we
see that |B| # 2.

N = Of 0

Since any hyper BCK-ideal is H-absorbing, so if H = A @ B(hyper BCK-
ideal), then we have H LYY:; (hyper BCK-ideal). Therefore by considering
Theorem 2.2, the only ERG relation on H with Cy = A is exactly as relation:
u,v € Aoru=uv ¢ A, hence 20y <= z,y € A or z,y € B — {0} is not a
congruence relation. The correct version of Corollary 4.3. of [1] is as follows.

Theorem 2.5. Let H be a BCK-algebra and H = A & B (hyper BCK-ideal).
Then H/A = B.
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